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Abstract 

We consider an interface above an attractive hard wall in the complete 
wetting regime, and submitted to the action of an external increasing, con- 
vex potential, and study its derealization as the intensity of this potential 
vanishes. Our main motivation is the analysis of critical prewetting, which 
corresponds to the choice of a linear external potential. 

We also present partial results on critical prewetting in the two dimen- 
sional Ising model, as well as a few (weak) results on pathwise estimates 
for the pure wetting problem for effective interface models. 

1 Introduction and results 

1.1 Effective interface models 

There has been a lot of interest recently in the properties of effective interface 
models in the presence of an attractive hard wall, and the associated wetting 
phase transition El EH > as weu as tnc related problems of entropic repul- 
sion HEIIlElHSlUniEliniand pinning by a local potential H3 H El El 

In the present work, we consider d-dimensional effective interface models 
with convex interactions. That is, the interface is described by a collection of 
non-negative real numbers Xi, i G Ajv = {— N, . . . , N} d , representing the height 
of the interface above site i. The probability measure is given by 

P Nt+! x, v (dX) = (Zn^v)' 1 exp{- ]T U(X t - X,) - ]T AV(X,)} 

(i,j)nA]v#0 iSAjv 

x J] (dJQ + ™5 (dJQ)) H So(dXi), (1.1) 

iGAjv i£Z d \A N 
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where So is the Dirac mass at 0, A is a strictly positive real number, v > 
and the function U satisfies c < U" < 1/c for some c > 0. We are mostly 
interested in the case V(x) = but we allow for general V : M+ — > R+, which 
are convex, increasing, and satisfy V(0) = and the following growth condition: 
There exists / : M+ -> R+ such that, for all a > 0, 

V(ax) 

lim sup < /(a) < oo . 

x — >oo V [X J 

(Obviously any convex polynomial is fine.) The parameter v corresponds to the 
strength of the pinning potential locally attracting the interface to the wall. 

Remark 1 Our results and proofs can be extended straightforwardly to the case 
of a square-well potential of the form —b\xi<a, b > 0, a > 0. 

When the pinning potential is absent (i.e. v = 0), we simply omit the corre- 
sponding subscript. We denote by v c the critical value of the pinning parameter, 

v c = sup\v: lim lA^" 1 log Z " ' + '°' v = o) . (1.2) 

(_ AT->oo ^N,+,0 J 

This corresponds to the value of the pinning parameter at which the wetting 
transition takes place. In the case U(x) = x 2 , it is known that v c > when 
d < 2 ^21 1 while v c = when d > 3 [7|- (The situation is different when one 
drops the assumption of strict convexity of U, see J2].) We write CW = {v > 
: v < v c } U {0} to denote the region of complete wetting; for these values of 
the pinning parameter, the interface is delocalized when A = 0. 

Let H\,d be defined as follows: In dimension d = 2, 7Y(A;2) = | log A| ; in 
dimensions d > 3, Tt\,d = \ log Al 1 / 2 . Then our main result can be stated as 

Theorem 1 Let v G CW. There exist dimension-dependent, strictly positive 
constants 8, \q, r, and c such that: For all A < A and N > A~ r , 

(\An\~ 1 X i ^{6Hx,d,S~ 1 'Hx,d)) <cxp{-cAV(HA, d ) |Ajv|} . 
Actually, the upper bound can be strengthened as 

Piv.+^dAjvr 1 J2 ^^(^M.^M)) < ex? {-cS- 1 XV {H x ,d) \^n\} ■ 

ieAjv 

Remark 2 We do not state and prove here the corresponding results in dimen- 
sion 1. The reason is that, in that case, much more detailed informations, valid 
for an immensely larger class of interactions U can be obtained. This is of inter- 
est, since one would like to understand the degree of universality in the behavior 
found here. These results will appear elsewhere Let us just mention that, 

when d = 1, the interface is repelled to a height of order Ti., the unique solution 
of the equation 

XH 2 y{2H) = 1 . 
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The previous theorem only yields estimates on the height of the field averaged 
over the box. It is however very easy to derive from it the following local 
estimates. 

Corollary 1 Let v € CW and fix < e < 1. There exist S > and Ao > such 
that, for all A < Ao and N > Nq(X), 

sup E N ,+,x, v (Xi) ^S-^logX^, 
inf E N ,+,x, v (Xi) >5\log\\"W; 

i£A eN 

Our main motivation for studying this model comes from the physical phe- 
nomenon of critical prewetting. Consider some substance in the regime of phase 
coexistence; let us call the two equilibrium phases A and B. Suppose that phase 
A occupies the bulk of the vessel, while the boundary of the latter favors phase 
B. As a result, a film of B phase is generated along the walls. It is well-known 
that by increasing the temperature, the system may undergo a surface phase 
transition, the wetting transition, reflected in the behavior of this film: Below 
the wetting temperature the film has a microscopic width (partial wetting), 
while above it its width becomes macroscopic (complete wetting), in the sense 
that it diverges in the thermodynamic limit. 

Suppose now that, starting from the complete wetting regime, the system is 
pulled away from phase coexistence and only phase A remains thermodynami- 
cally stable. The film of (now unstable) B phase, though still present, cannot 
occupy a macroscopic region and therefore its width stays microscopic (i.e. re- 
mains finite in the thermodynamic limit). Critical prewetting corresponds to 
the (continuous) divergence of the film thickness as the system nears the phase 
coexistence manifold. If we denote by A the free energy difference between phase 
B and phase A, then one is interested in the behavior of the average film width 
as a function of A. 

The Gibbs measures <|1.1|) provide a natural modelization of this phenomenon. 
Indeed, when the external potential is chosen as V(x) = x, these measures in- 
troduce a penalization of the form "A x the volume of the wet layer" , which 
correspond to the free energetic cost for creating such a layer. In that case, the 
averaged width of the wetting layer is of order A -1 / 3 when d = 1 |22| . 

In the Subsection EH wc introduce another, more realistic modelization of 
this phenomenon in a lattice gas, the two-dimensional Ising model, and prove 
some partial results indicating that this model has the same type of critical 
behavior, in particular that the critical exponent is also 1/3. 

1.2 Some additional results about effective interface mod- 
els 

In this section, we present some new results about effective interface models, not 
directly related to the main problem investigated in the paper. Some turn out 
to be useful in the proof of Theorem^ other are just of independent interest. 
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The first problem concerns the probability that an interface stays inside a 
fixed horizontal slab. This problem was first investigated in [5] in the Gaussian 
case. Our first result in an extension to the case of strictly convex interactions; 
our proof is also completely different. Let Pat denote the Gibbs measure with 
0-b.c. without the positivity constraint and with A = r\ = 0. 

Theorem 2 There exist strictly positive constants C-(d), c+(d), c and £q < oo 
such that, for any £ > £q the following holds: 

• Ifd = 2, for all N > e cl , 

e~ e ' a+e l A "l > P N (\Xi\ <£,Vie A N ) > e- e ~ a ~ e l A " . 

• Ifd> 3, for all N > e ci \ 

e -e-°+* 2 \A N \ > Pjv (| X .| < £) v« e A N ) > e -z- c - t2 |A«I , 

We have not been able to extend the results on the variance and the mass proved 
in [Hj in the Gaussian setting. The corresponding results in dimension 1, valid 
for a much larger class of models will appear in |22) 

All other results concern the (pure) wetting transition in effective interface 
models. We start with results giving more informations on pathwisc properties. 



Theorem 3 1. Let v G CW. For all e > 0, there exist Nq(v, e) and c(v) > 
such that, for all N > Nq, 

iGAjv 

2. Letd = 2 and v E CW. 

lim EAT.^o.^dAjvl" 1 X l ) = oo. 

N—>oc z — ' 

Moreover, for all r] small enough, there exists C > such that 

(\Am\- 1 £ Xi) > Clog A . 

3. We consider the Gaussian case U(cc) = x 2 /2. Let d = 2 and v be large 
enough. Then there exists C < oo such that, for all i £ Ajv, 

^N. + ,0.v(Xi) < C . 

Moreover, there exists C > such that, for all igS 1 , 

lim -ilimsuplogcov w ,+,o,t>(A , X, kx] ) >C, 

k^oo fc jV->oo 

where [y] £ Z d denotes the componentwise integer part of y € M. d . 
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Finally, a long-term goal would be to control quantitatively the divergence of 
the interface as the wetting transition is approached from the partial wetting 
regime, i.e. the limit v \, v c . This seems far from what can be achieved with 
today's techniques, but at least we can show (easily), in the d > 3 Gaussian case, 
that the transition is second order, in the sense that the average height does 
indeed diverge as v \ v c = 0, and not stay finite and jump at the transition. 

Theorem 4 Let d > 3 and suppose that v c = (this is the case, e.g., when 
U(x) = x 2 /2). Then, for any i E Z d , 

lim lim E,N t+t \ iV (Xi) = oo . 

u\u c N — >oo 

1.3 The two-dimensional Ising model 

It would of course be very interesting to obtain results similar to those of The- 
orem H also in the case of lattice gases. However, such systems do not always 
display critical prewctting. In particular, below the roughening temperature, 
e.g. in the low-temperature 3-dimcnsional Ising model, or in subcritical Ising 
models in dimensions d > 4, it is expected that the continuous divergence of the 
width of the wet layer is replaced by an infinite sequence of first order phase tran- 
sitions, the layering transitions, at which the interface jumps up one microscopic 
unit. This has never been established for the Ising model, though that should 
follow from a rather straightforward, but technically involved, Pirogov-Sinai 
analysis. This problem was studied in detail in the series of papers |18M13ll^5] 
in the case of the discrete SOS model. 

On the other hand, critical prewetting is expected to occur in the rough phase 
of such models. In particular, it should occur for any subcritical temperatures 
in the case of the two-dimensional Ising model. This is what we analyze in this 
section. 

Let N be even and set A N = {-N/2 + 1, . . . , N/2} x {0, . ..,N-1}, d+A N = 
{x e A N : By £ A Nl \x-y\ = 1, y 2 > 0} and d~ A N = {x £ A N : By £ 
A N , \x -y\ = 1, y 2 = -1}. 

We define the following Hamiltonian acting on configurations a G { — 1, 1} A,V , 

H\ji,A N (a) = - ^ o- x a y - A ^ a x - ^ a x + h a x . 

A > is the bulk magnetic field, while the boundary field h > serves to model 
the preference of the bottom wall toward — spins. The Gibbs measure in Ajy is 
the probability measure on a 6 { — 1, 1} Ajv given by 

Let P > (3 C and A = 0. Because of our choice of boundary conditions, the 
bulk of the system is occupied, with probability asymptotically 1, by the + 
phase, while the introduction of the boundary field h results in the creation of 



Entropic repulsion in external field; version from February 1, 2008 



6 




Figure 1: Part of the open contour 7(c) (bold line), and the set A (er) (shaded). 

a layer of — phase along the bottom wall. It is well-known ^ |2] that there 
is a critical value h w {[3) > of h at which a wetting transition occurs. For 
h < h w (/3), the layer has a finite thickness (see [23), while for h > h w ((3), the 
width of the film of — phase becomes macroscopic (of order N 1 / 2 ) (this can be 
proved, for example, along the line of the argument leading to ({2.8(1 below). It 
is actually expected that in this regime, once suitably rescaled, the microscopic 
interface converges to Brownian excursion; the sketch proof of such a result in 
the case h = 1 can be found in |19j . 

Let us now choose some h > h w ((3) and let A > 0. Our second result 
describes the behavior of the film of — phase as A — > + . There is no canonical 
way of measuring the width of the film of — phase in the Ising model, or, for 
that matter, even to define the film itself. We proceed as follows. 

Given a configuration a in the box An, construct its extension a to Z 2 by 
setting, for x ^ Ajv, <r x = — 1 if £2 < and cr x = 1 otherwise. Then in the 
configuration a there is a single (infinite) open Peierls contour. This Peierls 
contour can intersect itself, and we use the deformation rules given in Fig. [3] 
to turn it into a simple curve. We call the resulting open contour j(a). This 
contour splits Z 2 into two components. We denote by A~ (a) the set of all sites of 
Ajv lying "below" 7(0-), see Fig.^ The volume of A~(er) is one of the measures 
of the size of the layer we use. The other one is |C _ (cr)|, where C _ (cr) is the set 
of all sites in A - (a) connected to the bottom wall by a path of — spins in a. 

Our result is the following 

Theorem 5 Let (3 > (3 C and h > h w ((3). There exist Ao > 0, K < 00, and 
C 2 > such that, for all < A < A and N > K A" 2/3 | log A| 3 , 

W,aaa«(|A-| < I log A|- 3 A- 1 / 3 N) < e -c,\io S x\^N t (0) 

and 

M/3,a,/i,Ajv (\C- 1 > K I log A| 2 A-V3 N ) < e -c, I log xfx^ n (L4) 

We expect that the two quantities |A~| and |C~(er)| are typically the same, up 
to a multiplicative constant: 
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Conjecture 1 There exists a constant c > such that 
lim Hp,x, hy K N (\Cr\ > c\A~\) = 1. 

N— »oo 

(Of course |A~(er) > |C~(er)| for all a.) We were unable to prove this con- 
jecture. The difficulty is that the system can create big droplets of + phase 
inside the layer of — phase, and it seems that a rather complicated metasta- 
bility analysis is required. Such an analysis is well understood in the case of 
regular macroscopic boxes, see e.g. [28] ■ However, we are here in a situation 
where the box is random, and very anisotropic. 

Remark 3 The logarithmic corrections present in Theorem^ are artificial and 
should be removed. The reason of their appearance is the lack of local CUT type 
results for Ising random-lines in the vicinity of the boundary of the system. Such 
estimates have been proved in 11 If in the case of random-lines in the bulk but 
their extension seems delicate. 

Acknowledgments. It is a pleasure to thank Ostap Hryniv for many fruitful 
discussions, as well as useful comments and criticisms on earlier versions of this 
text. The author is also grateful to Walter Selke for bringing his attention to the 
problem of intcrfacial adsorption, the understanding of which was the original 
motivation for this work. 

2 Proofs 

2.1 Proof of Theorem [l] and its corollary 
2.1.1 Proof of Theorem Q] 

Let v(2) = 1 and v(d) = 1/2 when d > 3. Thcorcm^s a rather simple corollary 
of Theorem El and the following result. 

Lemma 1 ( |16j . Lemma 2.9) There exists K > such that, for all e > 0, 

>e|A [JV/2] |) =0. (2.5) 

We first prove a lower bound on the partition function. 

Lemma 2 There exist Xq > 0, r > and C > such that, for all A < Ao and 
N > X~ r , and any nonnegative v, 

7 -> C -CAV(| log A|"< d) ) \h N \ 7 



lim P 



N, + ,0 



( {i6A ra : XiKKQogNyW} 
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Proof of Lemma[2J First observe that it is enough to prove the corresponding 
claim without pinning. Indeed, by FKG, 



Let now 



Zn,+,o,v 

Zn,+,x 
Zn,+,o 

, "(d) 

n 



log (AV(|logArW))/c_(d) 

where c_(d) has been introduced in Thcorcm[21and v{d) is defined above. 

Zn.+.x > e - A l A "l v ( 2W ) Z Nfi Pjv, (0 < X t < 2H, Vz e A N ) , 

Obviously, shifting the boundary condition from to TL and changing variables, 
we can write, thanks to the convexity of U, 

Pw,o(0 < X t < 2H, Vi e An) > e~ cn2 ^Pjv.oflXil < W, Vi € Ajy) . 
Applying Theorem |2 we get that 

> e ^ 2n ^ c - n ^ W+cn2N ^ A ^ Z N , . 
Making use of the growth condition on V, the claim follows. ■ 
Using the convexity of U, the lemma immediately implies that 

Pn,+,x,v ( ^i>^ _1 |logArW lAjvl) 

\ieA N ) 

< Pn,+,x,v ( J2 V ( X *) ^ V (^'llogAI^)) [AjvI] 

ViGAjv ) 

expj-AV^-^logArW) |Ajv|} 



< 



J N, + ,0 
?J N,+,X 



< 



exp 



{-A (V (V 1 ! logA^) - CV (| logAr^)) |Ajv|} 

Kexpl-AVdlogAr^)^- 1 -^) lAjvl} , 

and one half of Theorem ^ is proved. 

Let us consider the second half. We first apply Lemma [21 to remove the 
external field, 

Pn,+,xAJ2 Xi<S\log\\ v W) 

< e c ^°^N« p N + aA J2 Xi < S\ logA^) . 

iGAjv 
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Lcti? = i? -(AV(|logA| l/ ( d ')) 1/d , withi? >0 some small enough real number 
to be chosen below. Let also 

A R = {x G Z d : Xi = mod 2(R + 1), for some i G {1, . . . , d}} . 

Using the usual expansion on the pinned sites (see e.g. [H]) and FKG inequalities, 
we can write 



P^WE Xi<5\\ogX\ v ^\K N \) 

AcA N iGAjv 

< Y v v,+AA) p A*,+,o{Y, Xi ^logA^A^ | X = 0onA K ) 

AcAjv ieA N 

where ^/v,+,t; is the induced probability measure on the subsets of A^r. 

The grid A R splits A N into M = \A N \/(2R + 2) d cubic cells of sidelength 
2R + 1 . (To simplify the notation, we suppose that this splitting can be done 
exactly.) Given a realization A of the random set of the pinned sites, we declare 
a cell dean if it does not contain any site of A; otherwise it is dirty. We need 
to ensure that, for all v € CW, at least half of the cells of the grid are clean. 
This follows easily from the first claim of Theorem with e = ^M/\An\, which 
implies that at least one half of the cells are clean once N is large enough, up 
to an event of probability e~ cM . In the rest of this proof, we suppose N is at 
least that large. 

Let us number the clean cells as C\, . . . ,Ck, K > \M, and let Y ki k = 
1, . . . , K, be the indicator function of the event 

Y,Xi<A5\\og\\^ \C k \. 
We clearly have the inclusion (for all A small enough) 

K 

{£*< 5\\og\\ v ^\A N \) c > \K) . 

igAjv fc=l 

Now, under Pa=,+,o( • | X = on A/j), the Yi are i.i.d. Bernoulli random vari- 
ables. Let us denote their common law by Q R . Using l|2.5|) . we see that 

Qr(Y = 1) < P R , + ,o (|{i G A [R/2] : X t < 2 d + 3 «5|logAr( d )}| > ||A [K /a]|) 

< i/io, 

provided <5, and then A, are chosen small enough. Consequently, 



M 

>f =1 Q«£>>±M)< e -™ 
fe=i 

and the conclusion follows, provided we take Rq small enough. 
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2.1.2 Proof of Corollary [T] 

We only give the proof for d = 2 since the argument for d > 3 is identical. 
Notice first that it is enough to prove the result for Xq. Indeed, by FKG, 

^N,+,X,v(Xi) < F, 2 N, + ,\,v(Xo) , 

for all i £ Ajv, while for i G A c n (0 < e < 1) we have that 

^N, + .\,v(Xi) > E e jv,+,A,t>(-^o) , 

Theorem ^ implies that 

En,+,A,w(|Ajv| 1 ^2 Xi) G (a,i,02)H\ t d, 

for some constants < a\ < ai < oo provided A is small enough and N large 
enough. Using FKG inequalities, we deduce that 

|Ajv| 1 ^ ^N,+,X,v(Xi) < |Ajv| 1 ^ E 2 N, + ,\,v(Xo) = E>2N,+,X,v(Xo) , 

iGAjv '(GAjv 

from which it follows that En,+,\,v(Xo) > a-iH\,d for N large enough. The 
complementary bound is also a trivial consequence of FKG: 

|A;v| 1 ^ ^N,+,\,v(Xi) > I Ajv 1 ^2 ^N, + ,\,v(Xi) 
ieAjv 'iGA[jv/2] 

> I^Jvl" 1 ^[JV/2],+,A,t;(-^o) 
ieA[jv/2] 

= 4 E[jv/2],+,A,u(-^o) ■ 

This shows that Eat, +i a,i>(A ) < ^o-i'H.\,d- 
2.2 Proof of Theorems HI H and H 

Proof of Theorem [2j We first establish the lower bound. We write 
P;v(MQ| < Vi G A N ) > Pjv.+ PQ < £, Vi G An) Pn(X z > 0, Vz G A w ) . 

By Theorem 3.1], Pjv(Jfi > 0, Vz G An) > e~ cNd ~ l for some c> if d > 2, 
and can thus be neglected. Let us consider the other one. We introduce R~e Kt 
if d = 2, and R = e Kl if d > 3, where k is a small number to be chosen later, 
and the grid 

A R = {x G 1 d : Xi = mod 2(R + 1), for some i G {1, . . . , d}} . 

This grid splits A N into M = |Ajv|/(2_R + 2) d cubic cells of sidelength 2R+1. 
(To simplify the notation, we suppose that this splitting can be done exactly.) 
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Denoting by P N , the measure with t boundary conditions, FKG inequalities 
then imply that 

PN,+( x i < ^, Vi e A N ) > P e N ,+( x i < ^, e A w | X = £ on A R ) 

= (P R {Xi > 0, Vi G A R | Xi <£,Vi£ A R )) M . 

Now, 

P R (Xi >0,Vi £ A R \X t < I, Vi G A H ) 

> Pft.+ P^ < Vi G A H ) Ph(X 4 > 0, V^ G Ah) . 

As above, 

P*(*i>0, Vze Ah) >e- ci?d ", 
while, using ^| Corollary 2.6], 

P*,+ (*i < I, Vi £ Ah) > 1 — | Ah | sup Ph,+ PQ > £) > § , 

provided that K is chosen small enough, and then I large enough (actually the 
above reference does not give explicitly a rate of convergence, but a glance at 
the proof shows that sup igAfl Ph„+(AT.; > £) < R~ cl ). 
Collecting all the estimates proves the lower bound. 

Let us now turn to the upper bound. Ah is the same grid as above (for an 
R to be chosen later) . Then it follows from convexity of U and FKG inequalities 
that 

P N (\Xi\ < I, Vi £ A N ) < P N ,+ (X t < 21, Vi £ A N )e ce ' 2 l° A "l 

<P N ,+ (Xi < 21, Vi G A N | X = on A R ) e rf2 l aA « 
= (PrAX* < 21, Vi £ A R )) M e c ' 2 l° A "l . 

We choose R as follows: If d = 2, then R = e pe , while in the case d > 3, we 
choose R = e pl , with p large enough. Then 

P R ,+( x i < 2*. Vi G Ah) < 1/2, 

by the results of (since the typical height of the repelled field is proportional 
to (logi?) 1 ^ = p v ( d H). This completes the proof. ■ 

Proof of Theorem |5J 

First statement. Let A be the (random) set of pinned sites. The crucial obser- 
vation is that 

Ejv.+.o,,, (e* W ) = e t|A| J A| Z^ +A0 /Z w , + , (U , 

AcA N 
Zjv, + ,0,e'u 
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Therefore an application of the exponential Chebyshev inequality yields 

PiV + o i> (l-^l > C|Ajv|) < e _ *^' Ajv ' +los ' Zjv '+' ' ct "^ Zjv,+ ' ' )_los ' ZN ' + ' ' l ^ Zlv,+ ' ' 1 

Choosing t such that e* = |(u + v c ) and using 1)1.2(1 . we get the conclusion, for 
a\lN > N (v,()- 

Second statement. Since A = in all the proof, we omit it from the notations. 
It is proved in ^2] that the condition v G CW implies that 

lim IAjyT 1 Ejv,+,t, [pn] = 0, 

N^oo 

where Pn(X) = SieA l{A" ; =o}- So there exists a sequence cat, with lim cat = 0, 
such that Ejv,+ lV [pn] < cn |Ajv|. Let Sn = {X : pn{X) < 2cjv |Ajy|}. Using 
again the expansion on pinned sites, we have the following 



E 



N,+,v 



E x * 



> E 



JV,- 



E x * 



ieA N 



v N ,+. v {A) Ea<=,+,o( E *i) 



A<zA N 
|A|<2 Cjv |A N 



> E »n,+a a ) E 



-i«(a:),+,o(^i) 



AcA N 
|A|<2c JV |A JV 

>C|log CA r||A 



d{x,A)>c 



-1/4 



where B r {x) — {y : \y — x\ < r}, and we used positivity of the field and FKG 
inequalities; the last inequality follows from Markov inequality and the usual 
entropic repulsion estimate for a square box of radius with b.c, see [TH] , 

Since, when v is sufficiently small, we can even choose cn ~ ^V _1 m 
that case one has the stronger result 



¥ + ' E 

N 



E 



> C logA^|A 



AM 



Third statement. Since A = in all the proof, we omit it from the notations. 
Our proof is based on the following estimate: There exist r\§ and c > such 
that, for all B C A and all v > vq, 



u Nt+tV (AnB = 0) < e -c|l°fH|B| 



(2.6) 



Let us first assume that <|2.6ll holds and prove the two statements of the Theo- 
rem. The first statement is very easy: By the usual decomposition over pinned 
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sites, and FKG inequalities, 

Ejv,+,o,upQ) = X X 

(A) EA<=,+,o,o(Xi) 

R>1 AcA N 
d{A,x)=R 

< XI X ^JV.+.wC^) sup E Z 2\ {j . }j+i0!0 (Xi). 

_R>1 AcA» b'-*l=-R 
d(j4,x)=-R 

Since ^z 2 \{j},+,o,o{Xi) < Clogi? uniformly in j such that |j — i\ = R [201 ^ the 
first bound is proved. 

Let us now establish the positivity of the mass. Decomposing again according 
to the pinned sites, we get 

(A) E A o j+ , 0j0 (Xi^) , 

AcAjv 

,+,0,0 PQ^'J 7 

AcA N 

.A" . 

A c 

where i «-> j means that i and j are connected by a path containing only sites 

of Ajv \ A, and i j is the complementary event. 

Suppose i j occurs. Let 7,; be the innermost closed path of pinned sites 
surrounding j (possibly using sites outside from Ajy), and let jj be the analogous 
object for j. If % does not surround j, then let 7 = 7,, otherwise let 7 = 7,-. 

Observe that under i y+ j, 7 surrounds only one of the two sites, and is the 
innermost path with this property. Suppose, for definiteness that it surrounds 
i. We then bound the first term as follows, writing int(7) for the set of site 
surrounded by 7 or along 7, 

E JV)+ ,o,t,(-X' i X J -|7) < E A 

jV"\int(7),+,0,u 
< ^A N ,+,0,v(Xj) Eint(y)\y,+,Q,o(Xi) ■ 

Since averaging the last expectation over 7 yields Ejv,+,o,v(-Xi> i t* j> 7 = 7i); 
we see that 

^ fjv,+,v(-A) E A c )+i0) o(-^i^j) — Ejv,+,o,i>(-^j)Eiv,+ ) o,'u(^j) < . 

AcA N 

Therefore, it only remains to prove that 

^ ^JV,+,t;(^4) E^c.+.o.OpQ^j') 
AcAjv 
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is exponentially small in \i — j\. This follows from 1(2.6(1 . Indeed, this expression 
is bounded above by 

R 1 >0.R 2 >0 , . .A" . 

d(A,x)=R 1 ,d(A,y)=R 2 

Now, proceeding as above, 

E A e >+iO> o(Jf < X,0 < fE^^o^^E^^o^, 2 )) 1/2 < Clog i?! log R 2 . 



Moreover, it follows from 1)2.6(1 that 

AcA N ,i£+j 
d(A,x)=R ly d(A,y)=R 2 

provided v is chosen large enough. The statement follows. 

Let us turn now to the proof of 1(2.6(1 . The control of the distribution of 
pinned sites is done similarly as in (171 1231 15], Let B C A at. We set Bo = B, 

and define 

B k+1 =B k U{xeZ 2 : d(x, B k ) = 1} . 

We then have 

v N ,+,v( A r\B = 9)<J2 vn,+A a r\B k = %\Ac\ B k+1 ^ 0) , 

where A = A U (Km) c ■ It is therefore enough to prove that 

u Nt+>v (Ar\B k = <D\AnB k+1 ^0) < e -e|i»g«liB|. 

We then write, as in [1711331 15] . 



VN , + . V {A nB k = $\An B k+1 ± 0) < { V V M inf Z( ^ uc)c - + -° 

ocB k AnB k+1 ^«) 



< I u |Bfc| inf 



-l 

Z{AUB h y,+fl 



_AnB k =<b Za^, + .0 

AnB k+11 t$ 

Let us number the sites of B k = \t\ , . . . , t\B k \ } in such a way that t\ is a neighbor 
of a site of A n B k+1 , and each t^, fc > 1, is a neighbor of at least one tj, j < k. 
We write the last fraction as a telescoping product: 

Z (AuB k )^ + .0 _ '-Q Z (Au{t 1 ,...,t k }y, + ,0 



Z A°,+,0 k=1 ^(AU{ti,...,t fe _i}) c ,+,0 
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> 



The conclusion follows once we prove that there exists c > such that 

%7U{»})°, + ,0 > c 

uniformly in C C Ajv, and i neighboring C . 

Z(C 7 U{ ' })C ' + '° = hm-P (cuW) c, +)0 (|JQ| < e) > hm-Pp.+.oCIXil <e\Xj=0), 

where j in the last probability is a site of C which is nearest neighbor to i 
(the last inequality follows from FKG). Let us estimate this probability. By the 
Markov property, we have (u ~ v meaning u and v nearest neighbors) 

V v , +t0 {\Xi\<e\X s = 0) 

I P Z 2, +j0 (dX|X J - 0) l {iaaXk ^x k < hl }^{i},+,x( X i < £ ) 

P z =,+,o(dX | X, = 0) l {njMtfc „ jXfc < M Pfo 1+ ,o(*< < e) 
= P z = i+i0 (maxX fc < /i! | X,. = 0) P*J, Q (X < e) . 

Now, this last probability can easily be bounded from below: 

while the other probability can be bounded below by 1/2 if hi is chosen large 
enough. Indeed, since 

E za>+i0 (Jf fc |Jf J =0)<C2, 
when A; ~ i ~ j , Markov inequality yields 

Pz2,+.o(maxX fe > /ii | X,- = 0) < 4 c 2 //ii . 

■ 

Proof of Theorem |4j The proof is trivial; by FKG inequalities, 

E z 2 ,+,o,«PQ > ^.o.w^jlfx^o}) = ^Z 2 ,o,v(\Xi\) > Cy/\ \ogv\ , 
the last inequality being proved in jSJ- ■ 

2.3 Proof of Theorem [U 
2.3.1 Preliminaries 

Let us first introduce our notations; note that, for reasons of convenience, the 
notations we use here differ slightly from those used in the introduction. 
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Let A <e Z 2 , h £ R, and let, for each bond e = (x,y), x, y € Z 2 
J(e) 



ft, if min(x2, J/2) = and max(i2, 2/2) = 1; 
1 otherwise. 



A 



Wc define the following Hamiltonian acting on configurations a G { — 1, 1} 
H\,h,\{o) = - ^2 J (( x > V)) ( a x a y - 1) - A yVa, . 

(i,j)CA 16A 

A and /i are respectively the bulk and boundary magnetic fields. Let <9A = 
{a; £ A : 3y $ A, |x — j/| = 1}. We define three Gibbs measures in A; all are 
probability measures on a e {-1,1} A . Let s = ±1; 



fJ>s,/3,\,h,A 

and 

M±,/3,A,fc,A = 



(^.ftA.ft.A)- 1 e"" ff A,,,A W if CT;c = s , Vx e 5A : 
otherwise. 



e -/3ffA,h.A(<r) if ^ _ gign^^ \/a; g dA ; 
otherwise, 




where we set sign(O) = — 1. 

Let (3 > (3 C . We denote by h w ((3) > the value of the boundary field at 
which wetting takes place when A = 0. Since > (3 C and h > h w {f3) are kept 
fixed, we often lighten the notations by omitting the corresponding subscripts. 

For N even, consider the square box 

A w = {-N/2 + 1, . . . , iV/2} x {0, . . . , N - 1}. 

In the complete wetting regime h > h w ((3), when A = the wall free energy 
is given by the surface tension in the horizontal direction. In the presence of a 
bulk field A > 0, the latter does not make sense anymore since the — phase isn't 
stable, however the former remains meaningful since in the vicinity of the wall 
the — phase is stabilized by the boundary conditions. Wc therefore define the 
(finite-volume) wall free energy by the usual formula, 

T hd (P,h,\,N) = -llog Z± ^ h ' A » 



The next lemma states that the effect of the bulk field A on the surface tension 
is to increase the latter by an amount of order at most X 2 / 3+ °W. 

Lemma 3 For all (3 > j3 c and h > h w (f3), there exist C > 0, Ao > and K > 
such that, for all < A < A and N > K\- 2 / 3 \ log A| 3 , 

tw(A h, 0, N) < r bd (/3, h, A, N) < r bd (/3, h, 0, N) + C\ 2 ' 3 \ log A| 2 . 
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Proof of Lemma |3J 

Let F\(a) = e X ^" eJ » <Tx . The statement of the lemma can be rewritten in 
the following form, 

{Fx)+ M ,A N > (F x ) ±m , An > e- CiXV3 ^^ N (F x ) +MAN . 

Since the first inequality is a direct consequence of FKG inequalities, we only 
have to prove the second one. 

Let U = A _1 / 3 |logA| 2 and S H = {xeA„:i 2 < Ti] be the strip of width 
Ti along the bottom wall. 

According to the discussion in Appendix lAl 

Z±,/3,\,h,A N > ^ w(j) Z + /3j A,A+(7) Z -,p.\,h,A-h) • 

To simplify somewhat the notations we omit, in the rest of the proof, the sub- 
scripts (3 and h, and write simply A + and A - . 

Our first task is to remove the A-dependence in the last equation. Indeed 
our main tool, the random-line representation briefly described in Appendix lAl 
only applies in the absence of bulk field. 

Z+,x,a+ z -,x,A- > Z +,\,A+ %-,-\,A- e~ 2A ' A (7) 

. Z +,\A+ Z--\,A~ ry ry „-2AHJV 



^+,0,A+ Zj rS),A- 



+ ,0,A+ ^ + ,0,A- e 



Writing x ~ 7 if x is one the sites whose value is completely determined by 7, 
we can estimate the ratio 

Z +,\,A+ Z --\,A- _ ^+,\,An{ (t x = 1, Vx ~ 7) Z + ^A N 



Z+fl.A+ Z +,0,A- M+,0,A.n( <7 x = 1) ^ x ~ 7) ^+,0,A N 

Z+,\,An 



> 



,0,Af 



Here, the identity follows from the +/— symmetry of the model, and the last 
inequality is a consequence of FKG inequalities. Collecting all these estimates 
together, we get, see HA.12JI . 

Z±^a n >e' 2XnN Z+^ An Qn{-y), 

which is precisely what we were after. At this stage, it is possible to use the 
tools discussed in Appendix [X] in order to control the last sum. 

Let K be a sufficiently large integer. We split the slab Su into M disjoint 
rectangles, Hi, ... ,1Zm, with height Ti and basis of length [Ti 2 / (K logW)], ex- 
cept possibly for the rightmost one which may have a shorter basis. We also 
introduce the dual sites a^, k = 0, . . . , M, defined by 

a fe = (~(N - l)/2 + k[H 2 /(K\o g n)} A (AT- l)/2, 1/2) . 
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K 2 



r/ () 



ai a 2 

Figure 2: The restricted family of open contours. 



(flfe— l and afe are thus the bottom corners of the rectangle IZk)- 

We further restrict the summation to the set of open contours 7 satisfying 
the following conditions (see Fig. |2J : 

• 7 = 77i II 7/2 II-- -IIt/m. 

• The piece k = 1, . . . , M, use only inner edges of the fcth rectangle, and 
connects a&_i and a*,. 



By (|A~T5)> and (|XT4)l . 



,1/ 



(7) > n <? s .i.(»7fc 



Therefore 



fe=i 



,1/ 



*v(7) > II 51 9s.i.(%) : 

7C5 H k=lr] k CTl k 

the last summation runs over contours satisfying the condition above. It is 
controlled thanks to l|A.17|l . which implies that 



provided X is big enough. We then combine (|A.13|) and (|A.23|) to obtain 

]T ? s .i.(C) > C |o fc _i - a fc |- 3/2 e -^C«»Ola*-i-«»l 

C : o fc _i— >a fc 

> CTl~ 3 e _T "' ei ^ l a 'i-i _a fc 



where r^ei) is the surface tension in the horizontal direction. Since, by (|A.lljl 
(with A = 0) and (jA~12")l , l|A~T3)l and (jA~23)) . 



,-rp(ei) n > 



the conclusion follows. 
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2.3.2 Proof of the lower bound 

We turn now to the proof of 1)1.3(1 . As before, we omit reference to (3 and h in 
the notations, write simply A + and A~, and also set C\,n = A" 1 / 3 ! log A|~ 3 N. 
We also denote by A the set of open contours such that |A~ | < C\.n- Applying 
Lemma |21 yields 

2 / 3 |lo E A| 2 Ar Z +,0,A N \ ^ , v Z +,\,A+ Z -,X,A~ 



Z ±,0,A N 7g _ A ^+,A,A N 

Our first task is again to get rid of the bulk field. This is the content of the 
following 

Lemma 4 For all f3 > f3 c , there exists C\ < oo and C2 > such that, for any 
set C of open contours, 

z +,o,A N t \ Z +AA + Z -,\,A- 



Z ±,0,A N j^, Z +,\,Ar. 



< e c,xN !tM» y gjv(T ) + e -c 2 N (27) 

Z±,0,A N ^ 



Proof of Lemma |4j By symmetry, 

Z +,\,A+ Z -,\,A- _ Z +-X.A- 



V+,x,A N ((r x = 1, Vx ~ 7) 



z +,\,An Z+.\,a- 

< H+,\,AN( a x = 1, Vx ~ 7) , 

where as before x ~ 7 if its value is completely determined by 7, and we used 
Z +,-\,A- 



Z +,\,A- 



= exp<^ V / ((a x 
[ x eA- Jo 



) + ,-s.A- - (^} + , s ,A-) ds ^ < 1 . 



Now, 

M+.a.AjvIo-z = 1, Va; ~ 7) = h+,o,a n {(Tx = 1, Vx ~ 7) 

XCXp< ^] / ((era I fTy = 1, Vy ~ l) + ,s.A N - (^) + .s,Ajv) ds \ ■ 

[xeA N J o J 

The difference in the exponent can easily be bounded using (|A.26(1 : There exists 
C < 00 such that, uniformly in s > 0, 



(cr x I a y = 1, Vy ~ 7)+,s,Ajv - K)+, s ,a„ < C X! e 



\x-z\/C 



and therefore 

"A 



V / ((<x x \<x y = 1, Vj/~ 7)+,s,a w - <cr a; > +>B) A JS r) ds < C"A#{z : z ~7>. 
^eA- 70 
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We are almost done. Observe now that #{z : z ~ 7} < Let K be a large 
number, which will be chosen below. In the case [-y | < K N, we get 

V+,\,a n (c x = 1, Va: ~ 7) < e 4C A ' AW /i+,o,Ajv = 1, Vx ~ 7) . 

This yields the first term in (|2.7(l . The second term takes care of the remaining 
open contours. Indeed, 

(K+k+l) N-l 

E Mj)e cc ' xhl <Y, eCC ' xiK+k+1)N E E^w 

< ^ e -C"(K+fc)W 
fc>0 

where we used l|A.22|l . Consequently, since 



— < C N 3 / 2 e T,3(ei) 



N 



we see that 

Z +fi,^N u .( 7 ) Z +AA+ z -,a,a- ^ C -Cjv ; 

provided is chosen large enough. ■ 
Applying the lemma, we have 

! A\ ^ „C X 2/3 \ log A| 2 N Z+,0,An ST^ „ /_A . „—aN 

V±,\,A N {A)<e 1 1 — > 9iv(7j + e 

^±,0,Aj\ ' 



7: 

|A-|<C x ,j> 



—a N 



= e CA2/3|logA|2jV /i ± ,o.A JV (|A-|<C A , w ) + e 

for some a > 0, and so we are left with estimating the probability that |A _ | < 
C\,n in the absence of bulk magnetic field, a purely entropic problem. 

The next step is to observe that the event {|A _ | < Ca,at} is increasing. So, 
by FKG inequalities, 

M±.o,a„(|A~| < C x ,n) < M±,o,n(|A~| < C\, N ) 

where fl is the box (see Fig. |3J 

n = A N \{z: Zl = -N/2 + 1 + fc^A" 2 / 3 1 log A| - 2 ] , fceN}, 

A being a small number to be chosen later. Let us denote by A^ the component 
of A~ contained in the fcth slice fl/, of f2. Let K\ = A -1 1 log A|~ 9 / 2 . We are 
going to show that 

W=,o,ni(|Ar| <K X ) <7/8. (2.8) 
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Figure 3: The box f2 is obtained by splitting Ajy into strips of width 
[AA _2 / 3 | log A| -2 ] by forcing all the spins on the corresponding vertical half- 
lines to take the value +1. 



From this and a standard large deviations estimate, we get that 

(Notice that the events {|A^"| < K\} are independent under jU±,o,n)' The 
proposition easily follows from this, provided A is chosen small enough (for a 
fixed small A). Indeed, on the complementary event, i.e. 

#{fc: \A-\ >Kx }>^ 



16 [AA- 2 /3|iogA|- 2 ] ' 
we have 

|A-| > ^iV/[AA- 2 / 3 |logA|- 2 ]A- A >C AiAr , 

for small A. Let us now prove (|2.8|) . 

Denote by x l and x r the dual sites which are the bottom left and bottom 
right corners of f^i (so these are the endpoints of the open path in Oi, sec 
Fig.EJ. Let ai = x{ + [(| - A 2 \ log X^AX^^l log A|~ 2 ] and a r = x r - [(± - 
A 2 \ log A| _1 )^4A~ 2 / 3 | log A|~ 2 ]. We introduce the following sets of dual sites: 

A z = {x G !?•* : Xl = a u \ < x 2 < A\~ 1/3 | log A^ 1 } 
A r = {x G Z 2 '* : x l =a r ,\< x 2 < AA _1/3 | log A| -1 } 
A = A/ U A r 

B = {x e Z 2 '* : ai < x x < a r , \ < x 2 < ±AA~ 1/3 | log Ap 1 } . 
We are going to show that 

X] <toi(7) > I (Vx'Vx^ih , (2.9) 

l T 

7:x — >x 

which readily implies (|2.8|l since \B\ > K\ (when A is small). To prove (|2.9|l . we 
first show that the open contour typically does not hit A. This is equivalent to 
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saying that A x contains the set A. But this is a decreasing event. Therefore, if 
we introduce the new box 

Oi = {x = (xi,x 2 ) ■ (xi, \x 2 \) G fii} , 

and the new set 

A = {x = (x 1 ,x 2 ) : {xi, \x 2 \) G A} , 
then by FKG inequalities, 

M±,o,fii (Ar D A) > fi ±fifii (Ai D A) > (Ar D A) . 

The latter probability is easily bounded. Indeed, by symmetry it is larger than 

7::c z — >;r r 

and the latter expression is larger than 1 /4 since 

7:2;'— >aj r ttgA 
7OA^0 

. . p— t(«— x') „— r(a; r — u) 

< (7 V - - 

" ^ lu-arjlVa \x r -u\^ 

< or e-^^-"') |A| 

" l^-xil 1 / 2 |av-a:i|V2 

< i fel^r}^ , 

provided A is chosen small enough. We have thus shown that 

Mi.o^CAr D A) > 1/4. (2.10) 

We now restrict our attention to open paths 7 in f2i not intersecting A, but 
intersecting B. To each such paths we associate three dual sites: the first visit 
to the set {x : x\ = a;, x A;}, the last visit to {x : x\ = a r , x €" A r }, and 
the first visit to B. We denote these dual sites by b l , b r and b m respectively. 
Using IjA.lBp . we then have 

9Qi(7) < X! (^x'O'bOoi (0" 6 l<76m) ni («T6mCrj,r} ni (<7 b ra x r) ni 

f.x'—>x r b l ,b m ,b T 
7HA=0 
7 nB#0 

We first observe that 

(o'l'CfcOoi < e~ CA < (<T a .(cr x r)n 1 , 
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Figure 4: The settings for the proof of (|2.8(l . 



and similarly for b r , so that we can restrict the sum over these points to those 
with second component smaller than A . We now use the sharp triangle in- 
equality (|A.25|) to get 

r(6 m - b l ) + r(b r - b m ) > t{¥ - b l ) + n(\b m - b l \ + \b r - b m \ - \b r - b l \) 
> t{¥ -b l ) + C 'A' 1 |logA|, 

and therefore, using (|A.24() . 

< e -C'A-|logA| {abl(Tbr) \ h r _ b l\ 

Using this and 

(a x ia b i) ni (c b !0v) Ol {a b ra x r) ni < {a x i(j x r) ni , 
which follows from GKS inequalities, we finally get 

E *ii(7) < e- c '" A_1 |logA| (a x >a xr ) ai < § (a x ,a x r) ni . 

■y:x l — >x r 
7HA=0 

We deduce from the latter bound and 12.10f> that 



j:x — >x 



and (|2.9|l is proved. 
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2.3.3 Proof of the upper bound 

Let us write V = K\ logA| 2 A _1 ' 3 iV, where K will be chosen sufficiently large 
later on. We want to bound from above the following probability: 

MW* (!<?"( 01 >V) , 

where C~(a) is the set of all sites in Ajv that are connected to the bottom wall 
by a path of — spins in a. Our aim is to show that this probability goes to zero 
with N, provided K has been chosen large enough. 
We start with the following obvious upper bound: 

Z±.x,k n (\C-(- )| > V) < Z Mn (\C-(-)\ > V) Z ±fl ^ N 



Z±,\,A N Z±,0,A N (|C (•)] > V) Z± t \ l \j l 

By Lemma 

Z ±,0,A N < c C|lo g A| 2 A 2/3 Af ^+,0,Aw 
Z±,X,A N ~ Z +) \,A N 

Now observe that we can write 



+ ,0,A N 

— exp 



Z+,\,A N 

and, similarly, 

Z±,x,a n (\C-(-)\>V) 

z±, q ,a n (\c-(-)\>v) 



/ dA' V {<T x ) + .y.A N \ 
J ° xeA N J 



exp^ / dA' J2 (o-xllC-(-)l >V)±,x>,A t 



We estimate the product of these two expressions using a coupling argument. 
Since, by FKG inequalities and the fact that {|C~( ■ )l — ^} ^ s non-increasing, 

V+,x\A N hv±,y,A N (-\\C-(-)\>V), 

there exists a coupling v\i of [i+fi,A N and fJ.±,\\A N { • \ \C~{ • )| > V) such that 

P({a>a'}) = l. 

In fact, it is well-known that one can construct this coupling explicitly. We 
quickly sketch this, because we'll need some non-degeneracy property below. 
First, we order all the sites in Ajv, say i\, . . . , i\A N \- Then we introduce a 
family (Xj fe )^^' of iid random variables, with uniform distribution over [0,1]. 
Now we set a n = 1 (resp. a' h = 1) if /i+^Aw^n = 1) > x h (resp. if 
M±,a',Ajv (c.ij = 1 1 | C C " ) I > ^0 > Xii); otherwise it is set to —1. Suppose 
we have already constructed the first k — 1 spins. Then we set <Ji k = 1 if 
M+.A'.Ajv (°"i fc = 1 I a i l i I < k) > Xi k , and similarly for a' ik . Just observe that, by 
FKG inequalities, 

H+,\',A N {vi k = I < k) > Li±,\>,A N (<7 lk = 1| |C _ (-)| > V, a ln I < k) . 
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Using this notation, we are left with estimating X^eA N — a ' x )) • 

Since v\i{p > a') = 1, we can write 

vw ( Y ~ - vy ( Y ( a x -<**))• 

x£A N xeC-(a') 

Now observe that J2xec-{cr') a 'x = ~\C~{ a ')\- Moreover, from the above con- 
struction, we see that the coupling satisfies 

inf vy (a x I ay, Vy € A N \ {x}, a' z , Mz € A N ) > —1-ep, 

xGA N 

with ep depending only on the parameter /3, for all A small enough. Therefore, 
putting everything together, we obtain 

and the conclusion follows once K is taken large enough. 



A Some tools 

In this section we collect several results from j^Hl CUB EZI which we are using in 
the paper. This is not supposed to be an introduction to the random-line repre- 
sentation, and we refer the reader to the latter works for detailed explanations. 

Let £* be the set of all dual bonds of the infinite lattice. One of the basic 
objects in this paper is the partition function Z±^ t x.h,A N - To any configuration 
a with non-zero weight under n±,p.\,h.A N , we can associate a subset n(a) of 

£* N = {e* e £* : e* dual to e C A N , e <£. dA N } 

composed of all dual edges e* such that e = (x,y) dAjy with a x ^ a y . 
We then split this subset into a collection of contours, by applying the rules 
given in Fig. each time more than two bonds are incident on a given vertex; 
contours arc the families of edges remaining connected after these operations. 
Among all the contours, there is a unique open contour connecting the dual 
sites {-(N - l)/2,l/2) and ((N + l)/2, 1/2); wc call it 7. 

We want to expand the partition functions in terms of the open contour 7. 
Notice that once 7 is fixed, some spins in the box Ajv become frozen (i.e. in any 
configuration with positive weight having 7 as open contour, these spins take 
the same values). We denote by A + (7) the set of all non- frozen spins located 
inside a component surrounded by + spins. Similarly, we write A - (7) for the 
set of all non- frozen spins located inside a component surrounded by — spins. 

We then have 

Z±,p,x,h,A N = Y, w ^ z +,&XA+{i) Z-,p,\,h,A.-(n) ' (ATI) 
7 

where Z+ i(3 .a,a+(7) and Z_ t p ; x,h,A-(y) are the two partition functions associated 
to the restriction of our system to A + (7) and A _ (7), and 10(7) = e~ 2 ^' 7 ', where 

l7l=E e . C -y J ( e )- 
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Figure 5: Deformation rules. 



We introduce the weight (notice that it is computed at zero bulk field) 

l0,h,N{j) = w(7) ^ ■ (A.12) 



Let (3*, h* and J*(e*) be such that tanh(/3*) = exp(-2/3), tanh(/?*/i*) 
exp(-2ph) and tanh(^* J*(e*)) = exp(-2/3J(e)). 

The Gibbs measure in with free b.c. is defined by 



e* = (x,y)£S* N 



/TJ*( e *)< 



A basic duality argument, see e.g. Lemma 6.2 in [27|, shows that 



7 



qp,h,N{l) — ( cr (-(Af-l)/2a/2) cr ((JV+l)/2,l/2))/3*,/i*,JV 



(A.13) 



One has in fact a deeper relation between high and low temperature models. To 
each subset of which remains connected after applying the rules of Fig. |SJ 
we can associate a weight q^, h , N (see (6.8) of [57] for a definition) such that 

being defined for much more general subsets of £^ than 



.h'.N 



However, 

Qa,h iVj it is a much more useful quantity. We'll state its properties for arbitrary 
E <e £*, and will denote the corresponding weight by q*^, h , E . We list now the 
properties of these weights that we are using in the proof. Let us denote by 
£ s *.i. — Ujv^oo £jv- 

• (E3j Lemma 6.3) The limiting weights q*^, h , = lining. Vp* h* e an d 
q*p» h , s j = Ums-fg*. q*-j* h * E arc well-defined quantities. Moreover, for 
any 7 C E, 

qh,h*A-y) ^ ih.^.s.i.h) > ihjAi) ■ (A.i4) 

• (E3i Lemma 6.4) If 7 = 71 II 72 (II is a concatenation operation, see [2Tj 
for a definition), then 



(A.15) 
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• (123 1 Lemma 6.5) Let t\, . . . ,t n be distinct dual sites in E. Then 

n~l 

E ^ W (7)<n E #-,fc-,s(7). (A.16) 

7:tl-> >t„ fe=l7:t fc ^ ►tjb+i 

• (EHI, Lemma 4.4.6, and [2Z|, Lemma 6.10) Let 7?. be a rectangular subset 
of £* having length R 2 /(K log R) and height R, with basis contained inside 
{e* = (x, y) E £* : x 2 = y = 2 = 1/2}. We denote by u and v the dual 
sites at the bottom left and bottom right corners of TZ. Then, for K large 
enough, there exists C < oo such that 

E qh^l)>R- C E 4>Mt)- ( A - 17 ) 
j:u— >u 7:11— >d 
7C7?. 

• (EZli (6-9) and Lemma 6.9) For any vertices x, y G E, 

7: x— ►!/ 

Moreover 

E q *P*,h* ,8.i.(7) = {<rx<ry)p*,K*fi.i- ' 
7.-x— >j/ 

and 

E ^.fc-W = (Wy)p»,h* , (A.20) 

(A.21) 

where (•)/3* ) /j* and ( • )/3* ,ft.*, s .i. denote expectation w.r.t. the infinite and 
semi-infinite volume Gibbs measures. 

• There exists c > and Zo < 00 such that, for all Z, 

E <feA"(7) < e_c( ^' o) ■ (A.22) 
7: 

lTl>i 

Proof of (|A.22|I . The proof is similar to that of Lemma 5.6 in we only 
sketch it. Let R be some big positive number. We make a coarse-graining of 
the path 7 on the scale R, i.e. we set t\ to be the left endpoint of 7, t k to be the 
first point of 7 after t/ c _ 1 which is outside the square of sidelength R centered on 
tk-i, and the procedure stops when one reaches the other endpoint of 7. One 
then first sum over these sites to, ti, . . . ,ti (observing that, given tk there are at 
most CR choices for tfc+i, and that the total length of the piece of 7 between two 
consecutive points is at most R 2 , so that L > l/R 2 ) and uses (|A.14J| . IjA.lSJ) . and 



(A.18) 
(A.19) 
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the upper bound in (|A.24|) below. The conclusion follows since rp is uniformly 
strictly positive when /3 > (3 C . ■ 

We also use the following results about the asymptotic behavior of the 
boundary 2-point function (o~ x o~ y ) p* s h* ,s.i.- Suppose that h > h w ((3); then there 
exist constants K\ and K 2 such that, for any x, y with x 2 =yi = 1/2, 

K x \x - y\- z ' 2 e- r ^ > (a x a v )e*, h *, s .i. > K 2 \x - y\- 3 / 2 e~ T ^ ' x_!/ ' , 

(A.23) 

where rg(ei) is the surface tension in the horizontal direction. 

We also need the corresponding result for the bulk 2-point. There exists 
K < oo such that, for any h > h w (fi) 1 and any pair of dual sites x, y in E such 
that the set 

S K (x,y) = {ueZ 2 '* : \\x - u\\ 2 + \\y - u\\ 2 < \\x - y\\ 2 + K\og\\x - y\\ 2 } , 

satisfies C {x G E : x 2 > 3/2}, the following holds: There exist 

constants K\ and K 2 such that (HHI, Proposition 4.6.1.) 

K x \x - yl-Vae-^TfEfr) ^ > {* x a y )f,., h . > K 2 \x - y^^e^^ I— »l . 

(A.24) 

An important property of surface tension is that it satisfies the following 
sharp triangle inequality (EZj, Theorem 2.1): There exists k > such that, for 
any x, y, 

Tp{x) + T P (y) > t p (x + y) + k(\x\ + \y\ - \x + y\) . (A.25) 

Finally, we also need the following estimate on the relaxation of correla- 
tion functions (CHI) 1 Suppose that h and A are non- negative; then there exists 
C((3) > and K < oo such that, for any Ai, A 2 C 1? and AcAiU A 2 , 

\(*A) + ,0,A,hM-WA) +M ,A 2 \<K Yl e-°<0 (A.26) 

teA 

t'eAi AA 2 

where a A = ILeA^- 
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